We consider time-dependent entanglement entropy (EE) for a 1+1 dimensional CFT in the presence of angular momentum and U(1) charge. The EE saturates, irrespective of the initial state, to the grand canonical entropy after a time large compared with the length of the entangling interval. We reproduce the CFT results from an AdS dual consisting of a spinning BTZ black hole and a flat U(1) connection. The apparent discrepancy that the holographic EE does not a priori depend on the U(1) charge while the CFT EE does, is resolved by the charge-dependent shift between the bulk and boundary stress tensors. We show that for small entangling intervals, the entanglement entropy obeys the first law of thermodynamics, as conjectured recently. The saturation of the EE in the field theory is shown to follow from a version of quantum ergodicity; the derivation indicates that it should hold for conformal as well as massive theories in any number of dimensions.
Introduction and Summary
Entanglement entropy (EE) of a quantum system has turned out be a useful observable in many areas of physics; see reviews [1, 2, 3] . In this paper, we will primarily use EE as a dynamical tool, especially to describe equilibration in 1+1 dimensional quantum field theories. Time-dependent EE in 1+1 dimensional CFT has been studied in detail in [4, 2] . Let us consider a CFT with an infinite spatial direction; the EE for a single interval of length l, is found to saturate, according to the formula 4 S ent (t, l|ψ) t≫l − − → l s eqm (E), s eqm (E) = 2πcE/3 (1.1)
In the above equation, the LHS is the EE of an interval of length l, computed in the state |ψ at time t; we will denote the energy density of the state as E. s eqm (E) is the equilibrium entropy density in the microcanonical ensemble as a function of energy density E. It is assumed here that length of the interval l is greater than the characteristic length scale 1/ √ E associated with the state |ψ (this condition will play an important role in Section 8). [5] showed that the time-development in (1.1) can be interpreted holographically in terms of a BTZ black hole, and derived (1.1) using the Ryu-Takayanagi definition of holographic EE [6] (see [7, 8, 9] for other recent works on holographic thermalization using dynamic EE). The linear growth in time was given an intuitive explanation in terms of oppositely moving entangled pair of excitations [4] ; one of the objectives of this paper is to explain the saturation value in terms of quantum ergodicity.
An important point to note about (1.1) is the information loss aspect of this equation: on the RHS of (1.1), all information about the specific state |ψ appears to be lost, other than energy E of the state. We will elaborate on this further in Section 2.3. Indeed, the above statement of equilibration is similar in spirit to the following statement of quantum ergodicity (see [10] , Section III-A) Tr (ρ pure O) t→∞ − −− → Tr (ρ mc O) , ρ pure = |ψ ψ|, ρ mc = 1 Ω(E) i∈H E |i i|, (1.2) which is believed to be true for a class of "macroscopic" observables O. Here, ρ mc defines a microcanonical ensemble at energy E; H E denotes the subspace of states with this energy, and Ω(E) is the dimension of H E . We will, in fact, derive (1.1) from (1.2), modulo some assumptions, in Section 7. Thus, in the time-development described in (1.1) not only is the memory of the initial state lost, the RHS is given in terms of a mixed state. It is worth noting that in (1.2) no mention is made about the time scale of change; thus, the time-development in (1.1) provides a time scale for equilibration.
In this paper, we will show that the above statement of equilibration also holds in the presence of additional conserved charges, besides the energy E. In particular, we will show that if the initial state |ψ has a non-zero angular momentum J 5 and a U(1) charge Q, we have 6 S ent (t, l|ψ) t≫l − − → l s eqm (E, J, Q) (1.3)
Here s eqm (E, J, Q) equals the equilibrium entropy density in a microcanonical ensemble, described in Eqs. (2.19 ) and (4.7), which give the detailed form of the time-dependence. Eq. (1.3) is the main result of our paper; it is presented here in the limit in which the excitation energy of the initial state is much higher than 1/t, 1/l. The precise version of this statement as well as the exact expression for the LHS without this restriction is given in Sections 2 and 4). We derive (1.3) also from a holographic set-up (Sections 3 and 5). The holographic dual consists of a spinning BTZ black hole plus a U(1) gauge field described by a CS theory.
Eq. (1.3) leads us to the following natural conjecture for an integrable 1+1 dimensional CFT. Suppose the initial state |ψ has an infinite number of non-zero conserved charges Q i , i = 1, ..., ∞ (including energy). We conjecture that the long time behaviour of the EE in this case is given by
where µ i are values of chemical potentials conjugate to the infinite number of charges Q i carried by the quantum state |ψ . In the second line, we have used the equivalence between the microcanonical ensemble (with infinite number of charges) and the generalized Gibbs ensemble (GGE). The corresponding generalization of (1.2) to 2-dimensional integrable systems has already been proved [12, 13] . A natural speculation about a holographic dual of the above involves higher spin black holes [14] (see Section 5.2 for a brief discussion).
A few remarks are in order:
1. We reproduce the CFT results in this paper from AdS in two ways: (a) by an explicit evaluation of the Ryu-Takayanagi (RT) formula for holographic EE and matching with CFT, and (b) showing that the RT formula follows from a conventional AdS/CFT dual of the CFT correlators of twist fields in a double scaling limit. Method (b) constitutes a 'proof' of the RT prescription for 1+1 dimensional CFT (see Section 3.1 for details).
2. We encounter a puzzle in applying the RT prescription for holographic EE in the presence of the U(1) charge. The U(1) charge we consider is implemented in the AdS dual by a U(1) Chern-Simons (CS) theory, and addition of a U(1) charge does not change the metric. Therefore the RT holographic EE is independent of the U(1) charge, which seems to be in conflict with the CFT expressions which clearly depend on this charge. We resolve this puzzle in Section 5.1.
This work was first presented in the Seventh Crete regional meeting in string theory [33] . After the work was complete and it was ready to be submitted, the preprints [34] appeared which have some overlap with our paper, especially in Sections 5 and 6.
2 Entanglement Entropies with spin: CFT
Thermofield double
Let us consider a 2D CFT at a finite temperature, which is represented by a thermofield double consisting of two identical copies of the CFT [15] . Consider the following initial (pure) state, belonging to the thermofield double, on the time slice t = 0:
The normalization constant C is given in terms of the partition function
and we use the following identifications
The index i of the sums goes over a complete set of states of H 1 (equivalently H 2 ). The definition implies that the expectation values E , J in this state are non-zero, and are related to the inverse temperature β and the 'angular velocity' Ω (which is essentially a chemical potential for the conserved angular momentum). 7 In a Euclidean spacetime, Ω must be chosen to be purely imaginary:
Now, consider two identical entangling regions A ⊂ R in both copies of the field theory and compute the time evolution of the EE. First, we take A to be a semi-infinite line. Following the prescription in [16] (see review [2] ) the entanglement Renyi entropy (ERE) is given by the CFT functional integral over a Riemann surface obtained by gluing n copies of a cylinder 8 along two semi-infinite cuts from z 1 =z 1 = 0 and from z 2 = iβ + /2,z 2 = −iβ − /2, both running off to infinity (see Figure 1) . Such a partition function, in turn, boils down to the two-point function of twist fields φ ± [16] at the two branch points. Thus, the ERE is given by To obtain this two-point function we first map the cylinder to the plane with coordinates given by
The two-point function on the plane of an operator O with conformal dimensions (h,h) is given by
Now, under a conformal mapping (w,w) → (z,z), correlators transform as
The ERE (2.5) can be obtained by using these results and the fact that for the twist fields
As explained in [16] , the EE is obtained by taking the n → 1 limit. This gives
The cut-off ǫ is used to regularize the expression, as in [16] . 9 To explicitly evaluate (2.10) we substitute the values of (z 1,2 ,z 1,2 ) mentioned above (2.5), and obtain the divergent value
Here the subscript zero indicates that the EE is computed at t = 0.
Time-dependent EE
We will now consider the (Lorentzian) time-evolution of the thermofield state (2.1):
and will compute the time-dependent ERE and EE based on this time-dependent state. In the notation of footnote 8, the total evolution operator in (2.12) translates (σ 1 , σ 2 ) = (0, 0) → (σ 1 , σ 2 ) = (−βΩ E /2, β/2 + 2it). This implies the following analytically continued location of the two branch points
Note thatz 2 = z * 2 ; this happens because σ 2 is now complex. By using the new locations of the branch points in (2.10)
Clearly at large t ≫ β, βΩ E , the cosh terms can be replaced by exponentials, which show that the finite part grows linearly with time:
where s eqm is the equilibrium entropy density, further elaborated below (2.19). S EE,0 is already defined in (2.11).
Finite interval
Now, take A be a finite interval of length l. In this case, we need to consider a functional integral over the cylinder with two finite cuts. The locations of the branch points (z i ,z i ) are
As described in [4, 5] , the entanglement Renyi entropy is given by the four-point correlator of the twist fields
As before, a way to compute this would be by mapping the points to the plane using (2.6), computing the correlator there and transforming back to the cylinder by using (2.8). The details of this calculation are similar to the Ω = 0 case discussed in [5] . The 4-point function on the plane depends on the cross-ratio
where w ij = w(z i ) − w(z j ) and similarly forw. Let us assume that l, t ≫ β, βΩ E . We then have:
Case (i): For t < l/2 10 , we then have x → 1, which, in terms of the original coordinates, implies z 2 → z 3 and hence a factorization 1 4 2 3 . Once we realize this, we can go back to (2.17) and evaluate the four-point function as
Case (ii): For t > l/2 11 , by similar reasonings, we have x → 0, which implies the other factorization for the 4-point function
10 Strictly speaking, we need here (l/2 − t) ≫ β ± , to ensure x → 1. 11 We actually need (t − l/2) ≫ β ± . See footnote 10.
Using our results from the previous subsections about the two-point function, we find the following behaviour of the EE:
Clearly the EE saturates after time t = l/2. Here s eqm is the equilibrium entropy density of (either copy of) the CFT; the first expression on the second line gives its value in the canonical ensemble and the second expression gives the microcanonical value (see Section A for the relation between the two ensembles). For Ω = 0 the results of this section correctly reduce to those derived in [5] . 12 The divergent part S div is the same as S EE,0 is (2.11) and (2.15).
We have thus proved (1.3) starting from a rather special pure state of the form (2.1). We will now present a more general derivation starting from an arbitrary initial state.
Single CFT, arbitrary state
Let us now consider a single CFT, defined on a cylinder (with coordinates described in footnote 8). We start with a pure state |B at time σ 2 = 0, and evolve it by (i) translating in σ 2 by β/4 (as in [5] ) and (ii) in σ 1 by −βΩ E ; this leads to another pure state
We will regard this as the initial state for further, Lorentzian, time evolution, and compute the time-dependent EE for a single interval in the state
By choosing |B arbitrarily, we can obtain an arbitrary initial state |ψ . We will comment in Section 2.3 on the independence of the EE with respect to the choice of this initial state. Let us first consider the case where the interval is a half-line. Suppose at σ 2 = 0, the halfline ends at σ 1 = 0. Then after the evolution, this point is translated to σ 1 = −βΩ E /4, σ 2 = β/4 + it 13 , or, in terms of the z,z coordinates (see footnote 8), to the point
The computation of the time-dependent EE, in part similar to that described above, involves a generalization of the techniques in [4, 5] . The entanglement Renyi entropy involves computing the one-point function of the twist fields φ + (z 1 ,z 1 ) (of (2.5)) on an (analytically extended) strip (σ 1 ∈ R, 0 ≤ Re(σ 2 ) ≤ β/2, Im(σ 2 ) = t > 0) with boundary conditions specified by the state |B . As before, we will map this geometry to the (upper half) plane by using (2.6), where the boundary condition now applies to the boundary of the UHP. As discussed in [18] , as long as the state |B represents a conformally invariant condition (more on this in Section 2.3), the one-point function φ + (w 1 ,w 1 ) in the UHP is given by
which equals the two-point function of φ + at w 1 with its image φ − atw 1 in the full plane. The original one-point function on the strip is now obtained by (2.6)
By putting the values (2.22), we can compute the Renyi entropy. Taking the n → 1 limit, we obtain the EE
For large t ≫ β, βΩ, the EE evolves linearly with a coefficient equal to half of the one for the thermofield double. For Ω = 0 we recover the result of [5] .
In the case of finite interval, let us suppose that the interval stretches from σ 1 = −l/2 and σ 1 = l/2 at σ 2 = 0. At time t these end-points are translated to (z 1 ,z 1 ) and (z 2 ,z 2 ), where
The computation of the EE follows by using a slight modification of [4, 5] . The Renyi entropy is given in terms of a two-point function on the above-mentioned strip which can be obtained, from the UHP result
using the conformal transformation (2.6). The EE turns out to be
As in case of the thermo-field double, we again have, for large t/β and l/β, two cases (depending on the relative magnitude of t and l/2), that clearly illustrate the saturation of the entanglement entropy (see Fig 2. 2)
Figure 2: Saturation of the Entanglement Entropy for different values of Ω where s eqm is the equilibrium entropy density given in (2.19) . Note that the saturation value of the entanglement entropy for the single CFT is expectedly half of that in the case of the thermofield double given by (2.19) . Also note that the saturation value depends on the angular momentum (see Fig 2. 2). The above equation (2.28) is again of the form of (1.3). Thus, we have now proved this equation starting from an arbitrary initial state (2.20).
Information loss
We wish to mention a rather remarkable feature of the EE described in this subsection. By choosing the state |B in (2.20) appropriately, we can make the initial state |ψ completely arbitrary (contrast this with the state (2.1) which is fixed by the choice of β, Ω); however, the entanglement entropy of an interval in any such state is independent of the choice of the state (this statement is even true for EE at any finite time). The feature of the calculation that makes this happen is the following. Recall that the choice of |ψ corresponds to the choice of a boundary condition for the two-dimensional CFT (in an appropriate coordinate system, the state specifies a boundary condition on the boundary of the upper half plane (UHP)). As has been shown in [4] , as long as the state |ψ is a conformally invariant boundary state, the correlation function of twist fields in the UHP, involved in computing the Reny entropy boils down to correlators on the plane involving the original twist fields and their images in the lower half plane. This result is universal and is independent of the choice of the specific conformal boundary state, of which there is an infinite tower (the so-called Ishibashi states). Furthermore, as emphasized in [4] , even if our initial state is not one of the conformally invariant boundary states, RG flow takes it to the nearby Ishibashi state; thus, for sufficiently large length scales/time scales the result becomes completely universal. From the holographic viewpoint, the universality is encapsulated by the fact that the bulk is given by a BTZ black hole geometry. These features have already appeared in the work of [5] . Such universalities with respect to the initial state have also been remarked upon in [7, 9] .
EE with spin: holographic calculation
As shown in [19, 39] (see also [20, 21, 5] ) the above CFT calculations find natural duals in BTZ geometries. For non-zero angular momentum J, the holographic dual of the thermofield double involves (a Euclidean continuation of) the eternal (2+1)-dimensional BTZ black hole [22] , given by
Here φ ∼ φ + 2π for the BTZ black hole, and φ ∈ R for the BTZ black string.
14 The mass M, angular momentum J, temperature T and angular velocity Ω are determined by the inner (r − ) and outer (r + ) horizons, as follows:
The BTZ metric can be mapped into the Poincare patch of Euclidean AdS 3 (ds
where u ± = φ ± t, and β ± = β(1 ± Ω) (see, e.g., [23] , Eq. (21)). The Euclidean continuation of the above geometry (3.1) is given by t → it, u ± → (z,z), w ± → (w,w), Ω → iΩ E . Note that in the limit r >> r + , the (Euclidean continuation of the) map (3.3) precisely reduces to the transformation (2.6) in the CFT, as it must for consistency with holography.
We will now compute the holographic EE (hEE) for an interval A by using the RyuTakayanagi (RT) proposal [6] , or more precisely the generalization in [20] for computing covariant EE, according to which the hEE is given by the length of the extremal 15 geodesic(s) that connects the boundary of A. The precise formula reads
where, in our case, L(γ) is the length computed with the metric (3.1) and G N is the Newton constant in 3 dimensions. Following along the lines of [5] , it is easy to verify that (3.4) indeed reproduces the CFT results (2.19) and (2.28). We will skip the explicit expressions since they are a straightforward generalization of [5] (we will make some more remarks on the geodesic lengths below in Section 3.2), and prefer to include an alternative 'derivation', which is more closely related to standard AdS/CFT arguments.
14 The BTZ string can be obtained from the BTZ black hole by scaling (r, r ± , t, φ) with a parameter λ such that, as λ → ∞, λr, λr ± , t/λ, φ/λ are held fixed. In this paper, we will mostly be concerned with the black string, since the dual CFT has non-compact space. For the black string, the angular momentum J actually becomes the linear momentum; however, as declared in footnote 5, we continue using the notation J and the misnomer 'angular momentum'. 15 The original RT prescription faces a subtlety for Lorentzian backgrounds. Namely, in general, geodesics that connect the boundaries do not lie on fixed time slices. In these cases EE is given by the area of the extremal surface given by the saddle point of the area action [20] . 
A 'proof ' of Ryu-Takayanagi formula for 1+1 dimensional CFT

Recall that, in CFT, Entanglement Renyi Entropy (ERE) of a single interval [u, v] is computed by the two-point function of the twist fields Φ + (u)Φ − (v) with dimension
More precisely the ERE, from CFT, is given by
We will now show how in a double scaling limit fixed, the expression (3.6) reduces to the Ryu-Takayanagi expression (3.4) through more or less standard AdS/CFT arguments. Our strategy of computing (3.6) would be to compute the CFT two-point function holographically. We need to take the limit c → ∞ to ensure semiclassical gravity. The CFT two-point function will be given in terms of a bulk propagator of a dual scalar field whose mass m (see the paragraph around (3.9) for subtle assumptions involved in the existence of such dual scalar fields), by the standard mass-dimension formula for large c, will be m = h. The bulk propagator between two points, on the other hand, is given in terms of the geodesic length of a particle of mass m connecting the two points. Using these results, the CFT two-point function in (3.6) boils down to
(3.7) 16 In the second equality we inserted the Brown-Henneaux relation R AdS /G N = 2c/3. In our formulas
where L(γ [u,v] ) is the length of the geodesic, in the BTZ geometry, connecting the two boundary points u and v. Using this and (3.5), the holographic entanglement Renyi entropy (3.6) reduces to
Taking the n → 1 limit, we recover the formula prescribed by Ryu and Takayanagi (3.4). The steps mentioned in the above 'proof' are symbolically represented in the 'commutative diagram' in Figure 3 .1.
The importance of double scaling: In order to have a semiclassical gravity dual, we must take the limit c → ∞. Now, the conventional relation between two-point functions of CFT primary fields and two-point functions of the corresponding bulk duals assumes that dimensions of the CFT fields do not scale with the central charge (this ensures the use of linear response under deformation of the CFT by these fields). This assumption appears to be, a priori, violated by the twist operators with scaling dimensions (3.5). However, we should recall that eventually we are interested in the entanglement entropy which involves taking the limit n → 1. What we propose here is that we should take a judicious combination of the c → ∞ and n → 1 limits; to be precise, let us define the following double scaling limit
It is easy to see that in this limit the dimension h of the twist operator remains finite; hence computation of its two-point function by the method described above should be justified. In terms of the commutative diagram Fig. 3 .1, the above remarks justify the use of AdS/CFT in the left vertical arrow for n = 1 + ǫ.
A remark: it would be interesting to understand the connection of the above argument with that of Lewkowycz and Maldacena in [37] . If one took the c → ∞ limit without the concurrent n → 1, the bottom left of the commutative diagram in Fig. 3 .1 would be represented by the back-reacted conical geometry sourced by the world-line of the very massive quantum of the scalar field described above [38] ; this is, at least qualitatively, similar to the picture of [37] . However, in view of the above discussion, it appears that in the double scaling limit described above, the bulk partition function with the conical geometry is given in terms of a propagator of the scalar particle in the undeformed geometry. We hope to come back to this interesting issue in the future.
Conclusion of this section
In the light of our arguments above, the holographic computation and its agreement with results of Section 2 become very transparent. In fact, to reproduce the CFT results now, we only need to know the length of a massive geodesic (with mass equal to h) between two points at the boundary of the spinning BTZ background. This length was found in [23] (formula (34)) 17 . Using it in our algorithm precisely reproduces the CFT two point function from bulk:
Since the CFT two-point function itself is reproduced, we get the same entanglement entropy as in the CFT. For two finite intervals (which appear here for the thermofield double) we use the same arguments since the four point correlator factorizes into a product of two-point functions (see also [25] ), which are then computed using the bulk propagator, as above. Similarly, the holographic EE for the pure B-state is just the half of the full space answer, as found earlier in the Ω = 0 case in [5] ).
We have thus holographically derived (2.19) and (2.28) and hence holographically proved (1.3) for the case with non-zero angular momentum.
EE for a charged state: CFT
In this section, we will suppose that the CFT has a global U(1) charge, and that the initial state has a non-zero value of this charge. For simplicity, we will first consider the case of zero angular momentum. In this case, the counterpart of (2.1) will be given by
The U(1) symmetry implies that the CFT has a U(1) Kac-Moody algebra
plus its antiholomorphic counterpart. The Kac-Moody currents have the usual OPE with the stress tensor T zz ,Tzz.
It is well-known, e.g. in the context of N = 2 superconformal field theories, that the KacMoody and Virasoro algebras admit an automorphism called "spectral flow". By choosing a flow parameter η = µ/2, (using the conventions of [26] , Eq. (2.7)) we find the following expression for the automorphism
where k is the level of the U(1) Kac-Moody algebra, defined in (4.2). Although it is perhaps best studied in the context of N = 2 superconformal theories, the phenomenon of spectral flow is very generic; it exists for simple systems such as free massless charged fermions (see Section A.1) for which half-integral spectral flows connect the NS and R sectors; indeed in [27] arguments have been presented for its appearance under rather general circumstances.
With this proviso, we will assume that the charged models we have possess a spectral flow. It is easy, then, to see that the CFT calculations in previous sections can be simply generalized by using the unitary transformation implementing the spectral flow. For example, consider the Renyi entropy for the CFT on the plane which has the generic form
where Z n is a partition function of an appropriate n-sheeted surface and Z 1 is the partition function on the plane. Now note that, by spectral flow (using H = 2L 0 for J = 0),
which trivially leads to
Thus, the effect of adding the µQ term is equivalent, in the partition function and hence in (4.4), to the universal shift (4.6) to the Hamiltonian. Using this line of reasoning, it is easy to show that the time-dependent EE is given by applying this shift to the energy E in the expression for s eqm . The generalization to non-zero J is straightforward, in that the same shift again applies to the energy E. Using this shift to (2.19) , and the relation between µ and Q as in Section A (this relation is also discussed in [26, 27] ), we now get the general result for the dynamical EE for non-zero E, J and Q
The dynamical EE for the pure state and single CFT with non-zero Q follows similarly and it is given by half of the above result for the thermofield double. We have thus derived the form of the dynamical EE, (1.3), for arbitrary E, J, Q.
Holographic EE with charge: BTZ plus CS U(1)
The bulk dual of the above CFT has been described in various places; in particular, we will follow the account given in [26] . The bulk dual consists of AdS gravity plus a bulk U(1) CS gauge field. The metric is given, as in Sec 3, by a spinning black hole (3.1); in addition, there is a bulk gauge field solution given by the flat connection
Before proceeding, we now encounter an obvious puzzle.
A puzzle
In the previous section (Section 4) we found that the entropy density clearly depends on the charge Q. The grand canonical expression of such an entropy density is, therefore, expected to be of the form s(β, Ω, µ). In the bulk dual, as we just mentioned, µ appears only in the gauge field solution (5.1) and not in the metric which retains the µ = 0 form, (3.1). The Ryu-Takayanagi prescription, therefore, will give the time-dependent EE as in the uncharged case. In particular, we will again obtain (2.19) and (2.28) . This clearly appears to contradict (4.7) which we derived in the CFT.
Indeed, rather than for the EE, one could ask the same question about the BH entropy. By the black hole area law,
which is clearly independent of the chemical potential µ for the charge. Indeed, in terms of the microcanonical ensemble, the above entropy density precisely agrees with (2.19). The puzzle is, how can we get the entropy density in (4.7) from gravity?
The resolution of this puzzle can be described in two equivalent ways, one in the language of the microcanonical ensemble and the second in the language of the (equivalent) grand canonical ensemble.
• 'Microcanonical' resolution:
Although the U(1) CS action in the bulk is topological and hence does not couple to the metric, it has a boundary term of the form A 2 (see, e.g. [26] ). This leads to an additional contribution to T zz at the boundary, resulting in the following shift
This shift, in fact, is the bulk equivalent of (4.6). See also Sec 6 for another application of this shift.
• 'Grand Canonical' resolution:
The microcanonical expression for the entropy density in (4.7) can be converted into the grand canonical form using the formulae in Section A. Surprisingly, from that expression, the µ-dependence drops out, leaving the expression (5.2)! The temperature and the two 'chemical potentials' Ω, µ are of course the same in the CFT and in the AdS dual; hence we get agreement between the bulk and boundary expressions.
Summary We have thus proved (1.3) holographically in the presence of both angular momentum and charge.
Higher Spin
It is natural to speculate how to extend the above calculations to the case of further additional charges. A natural setting for this is to consider higher spin black hole backgrounds whose CFT dual corresponds to coset models [28] (this speculation was made earlier in [13] ). There exist limits of the parameter space of this duality, which are described by free fermions which describe a particularly simple form of an integrable CFT. A similar integrable system of free fermions was recently discussed in [13] where a version of (1.2) was found to be true in the framework of the generalized Gibbs ensemble, and it was speculated there that the equilibrium configuration of the Gaberdiel-Gopakumar free fermions could be given by the higher spin black holes. This makes it rather natural to conjecture that (1.4) should be true in this case, where the bulk dual geometry should be that of a higher spin black hole. See the most recent progress in this direction [34] .
Universal limits
By now, there is a lot of evidence that in the limit of a small entangling region 18 A, EE obeys the analogue of the first law of thermodynamics [29, 30] 
Here, the increase of energy in an interval A = l is computed by integrating the holographic energy-momentum tensor T tt over the entangling interval, ∆S A is a leading-l difference between the EE computed in an excited state and that in the vacuum, and T ent is a universal constant that depends on the number of dimensions. More explicitly
where R is the radius of asymptotically AdS 3 background with time component of the metric given by f (z)
For spinning BTZ solution (3.1), the increase EE of a single interval of length l [20] is given by
Using the relation between the mass and the temperature
the first law relation for EE becomes
in agreement with [29] .
On the other hand, in the limit of large l or large temperature T , the EE reaches the extensive form given by the thermal entropy of the system (see the review [2] )
For spinning BTZ, s eqm can be read off from (2.19). Thus,
The result depends only on the central charge of the CFT and on β and Ω, and is, therefore, a universal limiting value.
18 Or in the limit of β → ∞ Let us now look how the universal limits incorporate the presence of the U(1) CS fields. As explained in the previous section, U(1) gauge fields give an additional boundary contribution to the energy-momentum tensor
This is consistent with (5.4) noting T tt = L 0 /π. This way, using the spectral flow argument, we have, as in ( 5.3)
and the first law-like relation remains the same.
The value of the thermal entropy at which EE saturates can be expressed in terms of microcanonical energy density E and potential µ. However, in the grand canonical ensemble it is only a function of β that matches the holographic prescription that is"blind" to the gauge fields, as we noted in the previous section.
Relation with quantum ergodicity
The idea of ergodicity is that given sufficient time, the "time average of various properties of a system", evolving from some initial state S 0 can be equated to an "ensemble average of those properties", where the ensemble is constructed out of all possible states S of the system which have the same conserved charges as S 0 . In the classical version, the initial state is a point in the phase space; ergodicity says that under dynamical evolution the point moves "democratically" in the submanifold M of the phase space, allowed by conservation laws, so that the time average of a phase space function f (q, p) can be equated to an average of f taken over M with uniform weight. In quantum mechanics, under the usual conservation law of energy, the statement boils down to (see, e.g., the review in [10] )
Sometimes an alternative statement (Eq. (1.2)) is made [10] Tr (ρ pure O)
with respect to a certain class of "macroscopic" observables, for which the time averaging in (7.1) is not necessary. Let us now consider a partition A ∪ B of space, say for quantum field theory, or for spins on a lattice. Consider a basis of states |i A |n B where the states |i A are supported entirely on A, and the states |n B are supported entirely on B (it could consist of spins in A and B. Let us consider the projection operator P B = n |n B n B | onto the states of B. To make connection with the discussion above, we choose O = P B |i A j A | in (1.2), assuming that this is an appropriate "macroscopic" operator. Eq. (1.2) then gives us the following limiting value of the matrix element of the reduced density matrix ρ A = Tr(P B ρ pure )
The asymptotic value of the time-dependent EE, then would be
The latter entropy measures the von Neumann entropy of the reduced density matrix in an overall mixed state. Now we expect that for a large enough
where s(β) is the thermal entropy density at an inverse temperature β. In Section B we present a proof of this statement using a discrete system and assuming the equivalence between microcanonical and grand canonical ensembles. Additionally, in Section 8 we explicitly verify (7.5) in the case of a massive, charged scalar field. We have therefore proved Figure 4 : Plot of S[ρ A,β ]/l (the LHS of (7.5) vs βµ, for βm = 10. The plot marked with squares has l/β = 10; the plot marked with triangles has l/β = 25. The solid line corresponds to the RHS of (7.5), viz. the thermal entropy density, which is obtained using standard formulae, and Mathematica. It is clear that (7.5) holds to a good accuracy. The agreement is better for small βµ than for large βµ; however, this could be due to some numerical instability.
We will suppose that the full system (with spatial partition A and its complement B) is in a grand canonical ensemble
We are interested in computing the reduced density matrix ρ A = Tr B ρ total , and the EE S A = −Trρ A ln ρ A . We will proceed using a generalization of the formalism described in [36] , and describe only the essentially new features. Note that formalism in [36] permits a straightforward generalization from the case of a single scalar φ to multiple flavours φ a , a = 1, 2, ..., N f , with the C-matrix generalized to where the trace is now over both the {i, j} and {a, b} indices. For the free complex scalar at hand, N f = 2, and C ab ij = C ij δ ab . We compute C 2 using (8.4) and the following ingredients:
The computation of (8.5) is performed numerically. We reproduce a representative plot in Fig. 4 .
This gives us the grand canonical parameters in terms of the microcanonical ones. The converse relations are also easy to derive: Using the above relations, we can prove that if the microcanonical entropy density is given by S = aE + bJ − dQ 2 + aE − bJ − dQ 2 (A.6) the grand canonical expression for the entropy is
Surprisingly, S(β, Ω, µ) = S(β, Ω), which is independent of β. Notation: In the body of the paper, we have used the notations E, J, Q as the energy density, J as the angular momentum density and Q as the charge density whereas s denotes the entropy density. Equations (A.6) and (A.7) hold for the densities with trivial modifications.
A.1 Free massless charged fermion in 1+1
We consider free massless charged fermions in 1+1 dimension, at a temperature 1/β and chemical potential µ. Explicit calculation gives the following Gibbs free energy The von Neumann entropy of this density matrix is given by
Now imagine that our system is a lattice of n-level 'spins' (n = 2 is Ising), and that there are l A spins in the partition A; then
Now we can easily show that the von Neumann entropy of (B.1) is S = (l A + l B ) ln n Hence the entropy density is s = ln n Now by denoting l A as l, and assuming the equivalence between the microcanonical ensemble in (B.1) and the canonical ensemble as in (7.3) we obtain (7.5).
